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A quadratic equation E with variables {z;, i, 7z} and non-trivial coefficients
{w;,d} € F(A) is said to be in standard form if its coefficients are expressed as
freely and cyclically reduced words in A* and E has either the form:

9 m=1 g
(H[‘Thyll) H zj_lezd d=1or (H[misyi]) d=1 (1)
i=1

=1 je=1

where [z,y] = 2"y~ 2y, in which case we say it is orientable or it has the form

m—1 4
(ﬁx?) (H z;lezj) d=1or (Hm?)d=1 (2)
i=1 j=1 j=1

in which case wé say it is non-orientable. he genus of a quadratic «quetion is the
number g in (1) and (2) and m is the number of coefficients. If g = 0 then we will
define F to be orientable. If E is a quadratic equation we define its reduced Euler
characteristic, ¥ as follows: -

Y(E) = 9 — 2g if E is.orientable
MV D= g if E is not orientable

We finally define the lzngth of a quadratic equation E to be

length(E) = |wi| + .. 4 [wn-1| +d+ 9(number of variables)

It is a well knrwe. fact that an arbitrary quadratic eguation over & L group can
be brought, to a stgndard form in time polynomial in its length,
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Theorem 0.1. Let E be a quadratic equatz’on'_‘ over F(A) in standard form. If
) = 0,m = 2, or E is not orientable and g = 1,m = 1 then we set N = 1.
Otherwise we set N < 3(m — X(E)). E has a solution if and only if for some
n<N;

(i) there is a set P = {p1,...ps} of variables and a collection of m discs
Dy,..., Dy, such that,

(ii) the boundaries of these discs are circular 1-complexes with directed and la-
beled edges such that each edge has @ label in P and each pj € P occurs
ezactly twice in the union of boundaries;

(iti) if we glue the discs together by edges with the same label, respecting the edge
orientations, then we will have a collection £, . .. y 21 of closed surfaces and
the following inequalities: if E is orientable then each X, is orientable and

(i X(Z)) -2 2 %(B)

i=0

if E is non-orientable either at least one 5y is non-orientable and

(f, X(Z)) - 22 %(B)

j=0

or, each Ly is orientable and

(g x(&)) -2 Tc‘(Ei +2

and

(iv) there is a mapping ¥ : P — (AU A=Y such that upon substitution, the
coefficients wy, ..., Wm-1 and d can be read without cancellations around the
boundaries of Dy, ..., Dm—1 and Dy, respectively 5 and finally that

(v) if E is orientable the discs Dy,...,Dpy can be oriented so that w; is read
clockwise around OD; and d is read clockwise around 0Dy, moreover all
these orientations must be compatible with the gluings.
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Theorem 0.2. There exists a polynomial time algorithm & such that a quadratic
equation E over F(A) in standard form has a solution if and only if there is a

certificate ¢ of size bounded by
2(lwi| + ..+ |wm = 1| + |d| + 3(29 + m)) < 8 % length(E)
such that &/ answers “yes” on the input (E,c).
The certificate will consist of the following:

1. A collection of variables P = {pi,...,pn} where n < max{3(2g+m),1}

2. A collection of substitutions ¥ = {p; = a4,i = 1.,.n} where a; € (AUA=1)".

3. A collection of words in P*

Cy = pin . _Ipii:‘(l}
C =

Com =y + Pt

with pi; € P,eiy € {~1,1} and each p; € P _occurring exactly twice.
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